AMERICA'E #] UNIVERSITY COURSE OUTLI

JGE ALGEBRA COURSES

ALGEBRAIC TERMS

PARTS 1 & 2 COMBINED COVER THE BASIC PRINCIPLES OF ALGEBRA FOR INTERME

SET THEORY PROPERTIES OF
SR REAL NUMBERS:

- ; FOR ANY REAL NUMBERS a, b, AND ¢

NOTATION

B § Vbraces indicate the beginning and end of a set notation;
when listed, elements or members must be separated
by commas; EX. A = {4, 8, 16}; sets are finite (ending, ol
having a last element) unless otherwise indicated

... indicates continuation of a patier; EX, B={5, 10,15, .., 85,90

.. at the end indicates an infinite set, that is, a set wif
no last element; EX. C=1{3.6,9,12, .}

is a symbel which literally means "such that"

means “is a member of* OR “is an element of™;
EX, IFA= {4, & 12} then 126 A because 12 is in set A.
means “is not & member of” OR “is not an element o
EX. If B=1{2, 4, & 8} then 3¢ B becass 3 1s not in set B.

fl @ empty set OR null set - a sef containing no elements o
members, but which is a subset of all sets; also writicn as { }

< means “is a subset of”’; also may be wrilten as

& means “is not a subset of”; also may be written as &

A CB indicates that every elementof set A is alse an elemen
of set By EX. IfA=1{3,6}and B={1,3,5,6,7,9} then AC
because the 3 and 6 which are in set A are also in set B.

215 the number of subsets of a set when ™ equals thej

nurmber of elements in that set; BX. TFA={4, 5,6} the
set A has 8 subseis because A has 3 elements and 7 3

. OPERATIONS
AUB indicates the union of set A with set B; every
element of this set is either an element of set A OR an
element of set B; that is, to form the union of two sets
put all of the elements of both sets together inte one set
making sure not to write any element more than once;
EX.TTA=124}and B={4,3, 16} then AL B =12, 4,8, 16},
d  intersection
B AnB indicates the intersection of set A with set B; every
element of this set is also an element of BOTH set A and
set B; that is, to Torm the intersection of two sets list only
those elements which are found in BOTH of the two sets;
_ EX.IFA={24} and B={4,8, 16} then A " B = {4].
A indicates the complement of set A ; that is,all
elements in the universal set which are NOT in set A;
EXs. Ifthe Universal set is the set of Integers and A = {0, 1,
2,3, tthen & {-1, -2,-3,-4,.}. ACVA=D

: PROPERTIES
A =B all of the elements in set A are alsoin set B and
all elements in set B are alsc in set A, although they do
not have to be in the same order;
EX. [fA=1{5 10} and B= {10, 5} then A =B.
i n(A) indicates the mumber of elements in set A;
X, TFA = {2, 4,6} then n(A)=3
~ means “is equivalent to”; that 15, set A and set B have
the same number of elements although the elements
themselves may or may not be the same;
EX. IfA = (2,4, 6} and B = {6, 12, 18} then A ~ B
because n(A) =3 and n(B) =3,
AnB=% indicates disjoint sets which have no
§ clements in common.

“SETS OF NUMBERS

fl Natural or Counting numbers={1,2,3,4,5, ., 11,12, .} .

Whole numbers = 40,1,2,3,.., 10,11, 12,13, ..}
Integers = {...,-4,-3,-2,-1,0,1,2,3,4, ..}

Rational numbers = {p/g|pandqareintegers, 20} the sets 3

of Natural numsbers, Whole numbers, aud Infegers, as well as

numbers which can be written as proper or mproper fractions, §

are all subsets of the set of Rational numbers.
Irrational numbers = {x{x is a Real number bt is not
a Rational number}; the sets of Rational numbers and

Trrational numbers have no elements in common and |§

& are therefore digjoint sets.
B Real numbers = {x | x is the coordinate of a pointon a

mumber ine}; the union of the set of Rational numbers with §

the set of Trrational aumbers equals the set of Real numbers.
Tmaginary numbers = {a{| a is a real number and i is
the number whose square is -1}; i2="-1; the sets of
Real numbers and Imaginary numbers have no ele-
ments in common and are therefore disjoint sets.
Complex numbers = {a+b{|aandbare real numbers
and i isthe number whose square is -1}; the setof Rekl

pumbers and the set of Imaginary numbers are both §

subsets of the set of Complex rumbers; EXs: 447 ; 3.2

PROPERTY] FORADDITION | MULTIPLICATION

Closure | a+hisareal number { ab is a real number

Commutative atb=b+a ah=ba

Associative {(a tb)tc=a+(b+c)i (abjc=a(bc)

Identity {O+a=aandat0=aia-l=aandl-a=z

a+{-z)=0and a-lfa=1and

Inverse (a)+a=0 {l/aa=]ifaz0

Distributive Property a(b +¢)=ab-+ac; ath-cj=ab-ac

PROPERTIES OF EQUALITY:
FOR ANY REAL NUMBERS a, b, AND ¢
Reflexive a=a
Symmetric Ifa=bthenb=a
Transitive
Addition Property Ha=bthena+c=b+c.
Muldtiplication Property If a=b then ac = be.
Mult, Prop. of Zero a-0=0 and 0-a=0
Double Negative Property -{-a)=a

PROPERTIES OF NEQUALITY
FOR ANY REAL NUMBERS a, h, AND ¢
Trichotomy Either a>b,or a=b,or a<b.
Transitive I[fa<b,andb<cthena<c.
Addition Property of Inequalities
Tfa<bhthena+c=<b+ec.
Ifa>bthena+c>b+e.
Multiplication Property of Inequalities
Ifc#0andc>0, and a>bthen ac>be;
also, if a <bthen ac<be.
Jfe#0andc <0, and a> b then ac <be;
also, if a < b then ac > be.

'OPERATIONS OF
REAL NUMBERS

ABSOLUTE VALUE

[x| = x if % is zero or a positive number; |xf = -x if % is
negative number; thatis, the distance {(which is akway.
positive) of a number from zero on the number line is
the absolute value of that number;
EXs: |-d] = (-4)=4; [20]=20; |0]=0; [-43] =-(-43) =43

S ADDITION

If the signs of the numbers are the same: add the
absolute values of the numbers; the sign of the answer
is the same a5 the signs of the original two numbers
EXs:-11 +-5=-16and 16 + 10 =26

If the signs of the nxmbers are different: subtract the
absolute values ofthe numbers; the answer has the same
sign as the number with the Jarger absolute value;
EXs:-16 4 4= -12and -3+ 10 =7.

UBTRACTION

a-b=3a+(-b); subtraction is changed to addition of the
opposite nomber; that is, change the sign of the second
nurmber and follow the rales of addition (never change the
sign of the first number since it is the number in back of the
subtraction sign which is being subtracted;14-6—14+—6);
EXs: 15-42= 15+(-42)=27; 24-5=24+(-5)=-29
13 - {-45) =13 + (+45) =325 -62 - (-20) =-61 + (+20) = 42

The product of two numbers which have the same
signs is positive;
EXs: (55)(3)=165; (-30)(-4) = 120; (-5)(-12) =60
The product of two numbers which have different signs
is negative no matter which number is larger
EXs: (3)(70)=-210; (2L{-40} = -840; (50%-3)= -150
DIVISION (divisors do not equal zero)
The quotient of two numbers which have the same
sign is positive;
EXs: {(-14)/ (-Ty=2; @4} /(11)=4; (-4)/(-8)=.5
The quotient oftwo numbers which have different signs
is megative no matter which number is Jarger;
EXs: (-24)/(6)=-4; (40)/(-8)=-5; (-14)/(56)=-23
DOUBLE NEGATIVE
- (-a) = a; that is, the negative sign changes the sign of the
ontents of the parentheses; EXs: -(-<h)=4;(-17)=17

TFa=bandb=cthena=c. |

COMBINING (ADDING OR
SUBTRACTING)LIKE TERMS

a+a=2a; when adding or sithtracting terms they must
have exactly the same variables and exponents

although not necessarily in the same order; these ar.
called like terms. The coefficients (numbers in th
front) may or may not be the same.

RULE: contbine (add or subtract) only the coefficients of ke terms g

and never change the exponents during addition or sublraction
EXs: dxy3 and -7y3x are like terms and may be combined in
this manner: 4xy3 + -793x = -3xy3. Notice only the coctficien

wete combined and no exponent changed. -15a2be and 3bcat €
are not like terms because the exponents of the a are not the 3

th terms, se they may not be combined,

MULTIPLYING
PRODUCT RULE FOR EXPONENTS
{a™)(a®) =a™™; any terms maybemultr‘;ﬂied, notjustlik
terms. The coefficients and the variab
which means the exponents also ckanige;
RULE: multigwhecoelficiemsandmu
(this means you have to add the exponents of the sanle variable},

EX: (dac)(-12a3b2c)=-48a5b2c2, notice that 4 times -12 became -48, 2% '

fimes a3 became a5, ¢ times ¢ becarne ¢2, and the b2 was written down.
DISTRIBUTIVE PROPERTY FOR POLYNOMIALS
Type 1: a(c + d) =ac + ad ; EX: 43 (2xy +y2)=8ndy + 4xdy2
Type 2: (a+bc+d)y=alc+d)+ble+d)=ac+ad+be+bd;
EX: (2x + y)(3x - 5y) = 2x(3x - Sy} + y{(3x - Iy} =
6x2 - 10xy + 3xy - 5y2 = 6x2- Ixy - 5y2
Type 3: (a+b)(e2 + ed +d2) = a(c? +cd+d2) +
b{c2+ed-+d2) = ac? +acd +ad? + be? +bed + ba2
EX: (5x+3y)(x2-0xy+dy?) =
Sx(x2-6xy+4y2) +3y(x? - 6xy + 4y2) =
5x3 - 30x2y + 20xy2 + Iy -18xy2 + 12y3 =
5x3 - 27x1y + 2xy2 + 12y
FOIH. METHOD FOR PRODUCTS OF BINOMIALS
This is a popular method for multiplying 2 terms
by 2 terms only. FOTL means first times first,
outertimes outer, inner times inner, and last times last,
EX: (2x+3y)(x+ 5y) would bemuliplied by multiplying firstterm
times first lerm, 2x times x=2x2 ; outer term times outer term, 2x
times 5y = | 0xy; inner term times inner termn, 3y times x=3xy; and
last term times last term, 3y times 5y = 15¥2 ; then combining the
like terms of 10xy and 3xy pives 13xy with the final answer
equaling 2x2 + 13xy + 15y2
SPECIAL PRODUCTS
Type 1: {a+b)2=(a+b)a+b)=u+2ab+b2
Type 2: (a- b)2 = (a-b)a-b)=a-2ab+b2
Type3: (a+b)a-by=a?+ Oub-b2=2a-b?
EXPONENT RULES
Rule §: (am)n=am+B ;(am}n means the parentheses contens
are multiplied 1 times and when you mulliply you add exponents;
EX: (2m4n?)} = (2pn2)-2min2}-2mn2) = -8m!2né,
notice the parentheses were multiplied 3 times and then the
rules of regular multiplication of terms were used;
SHORTCUTRULE: when raising a lerm to a power just
multiply exponents;
EX: (-2m4a2)3 = -23m12nb, notice the exponents of the -2,
m4and n2 were all multiplied by the exponent 3, and that the
answer was the same as the example above.
CAUTION: -ams= (-a) i these two expressions are different;
EXs: -4yzla: (-4y7)2 because (-4yz)2 =(-4yz)(4yz)= 16y22 while -4yz*
means -4-y-22 and the exponent 2 applies only to the 2 in this sinuation.
Rule 2: (ab)m = amhm; EX: (6x3y)? = 62x6y2 = 36x6 32
BUT (633 + ) = (6x3 +y)(6%3 + y)=36x6+ 12x3y +¥?2 ] because
there is more Lhan onc term in ihe parentheses the distributive
property for pcﬂ)‘lynon;lga]s must be used in this s'ﬂatgoni Lty
Rule 3: L%) = %% when b = )  EX: (—"X] =

5z 2521
Rule 4: Zero Power a®=1 when a # 0

DIVIDING
QUOTIENT RULE: /% =a"-%; any terms may be
divided, not just like terms; the coefficients and the vart
ables are divided which means the exponents also change;
RULE: divide the coefficicnts and divide the variable
(this means vou have 1o subiract the exponents of matching variables),
EX: (-20x5y24) / (5x22) =~hey?, notice that -20 divided by 5 became -4,
xSdivided by x2 became x3, and z divided by z became one and there-
fore did nof have to be written because | times ~h2y? equals
NEGATIVE EXPONENT: a®=1/a" whena=0
EXs: 22 = 102 ; (42-3y2Y) / (-3ab-1) = (4y2b1) / (-3az¥) {notic
that the 4 and the -3 both stayed where they were because the
both had an invisibie exponent of positive 1; the y remained i
the numerater and the a remained in the denominator hecaus
their exponents were both positive numbers; the x moved down and the
moved up because their exponents were both negative nurnbers)

es are multiplied |

tiply the variables |

o
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FACTORING

Some algebraic polynemials cannot be factored. The following are methods of handling those which can be factored.

'ORDER OF OPERATIONS

 FIRST, SIMPLIFY ANY ENCLOSURE SYMBOLS: PAREN
S THESES( ), BRACKETS | ], BRACES{ }-IF PRESENT
a. Worlthe encloswesymbots fomthe mermost and work outward,
§ b. Work separately above and below any fraction bars
{;’i since the entive top of a fraction bar is treated as though
i

When the fuctoring process is complete the answer can always be checked by multiplying the factors out to see Iif the
original problem Is the result. That will happen if the factorization is a correct one.
A polynemial is factored when it is written as a product of polynomials with integer coefficients and all of the factors

§ ; cep ' The order of the factors does not matter.
it has its own invisible enclosure symbols around it and

) the entire bottom is treated the same way.

: SECOND, SiMPLIFY ANY EXPONENTS AND ROOTS,
WORKING FROM LEFT TO RIGHT;

Note: The +symbol is used only (o indicate the positive
root, except that' 0=10.

-

FIRST STEP - 'GCF'
FACTOR OUT THE GREATEST COMMON FACTOR (GCF), IF THERE IS ONE

= . . ,

& THIRD, DO ANY MULTIPLICATION AND Divi- . E i . e s

"5% SJO-‘\",IN THE ORDER IN WHICH THEY OCCUR The GCF is the fargest number which will divide evenly into every coefficient together with the lowest exponent of each
B WORNING FROM LEFT TO RIGHT; ! variable common to zll terms. EX:.15a%? +25a%¢d - 10a%c’d has a greatest common factor of Sa%e? because 5 divides evenly into 15,25, and
. Note [division comes before multiptication then it is done 10: the lowest degroe of a in all three terms s 2; the lowest degree of e is 31 the GCF is Sa% 5, the factorization is 5a%c? (3a + Sed - 2d)

:mwﬁw first, if multiplication comes first then it is done fivst,
20 FOURTH, DO ANY ABDITION AND SUBTRACTION |

D

INTHE ORDER IN WHICH TREY OCCUR, WORKING
FROM LEFT TO RIGHT;

Note: If subtraction comes before addition in the
problen: then it is done first, if addition comes first &
then it is done first .

The 2nd step of factoring is to identify the problem as belunging in one of the following categories.
Be sure to place the ferms in the correct order first: Righesi degree term o the lowes degree term. EX:-247+47+1=4%-243+1

B

5
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FIRST DEGREE EQUATION £

WITH ONE V. LE

FIRST, ELiMinvaTE ANY FRACTIONS BY LSING § :

THE MULTIPLICATION PROPERTY OF EQUALITY

EX: 142 (3a+ 3)=2/3 (7a- 51+ 9 would be multiplied on both
sides of the = sign by the lowest common denominator of 1/2
and 2/3, which is 6; the result would be 3{3a -+ 5)=4{7a -5} +
54, notice that ouly the 1/2, the 2/3, and the % were multiplied
by 6 and not the contants of the parentheses; the purentheses
will be handled in the next step which is distribution;

SECOND, SIMPLIFY THE LEFT SIDE OF THE @

EQUATION AS MUCH AS POSSIBLE BY USING

THE ORDER OF OPERATIONS, THE DISTRIRUTIVE §
PROPERTY, AND COMBINING LIKE TERMS. DO §

THE SAME TO THE RIGHT SIDE OF THE EQUATION;
EX: Usedistribution first, 3(2k-5)+ 0k~ 2=5-2{k +3)would

become Gk - 153+6k-2=25-2l- 6 and then combine like termy |

to get 12k - 17 = -1 - 20 i

THIRD, ArpPLy THE ADDITION PROPERTY OF §
EQUALITY TO SIMPLIFY AND ORGANIZE ALL §
TERMS CONTAINING THE VARIABLE ON ONE SIDE §
OF THE EQUATION AND ALL TERMS WHICH DO NOT §

CONTAIN THE VARIABLE ON THE OTHER SIDE;

EX: 12k-17=-1- 2k would become 2k + 12k - |7+ 17 =

-1+ 17 - 2k -+ 2k and then combining like terms. 14k = 16.
FOURTH, Aprery THE MULTIPLICATION PROP.

ERTY OF EQUALITY TQ MAKE THE COEFFICIENT §

OF THE VARIABLE I}
EX: 14k = 16 would be multiplied on both sides by 1/14 {or

divided by [4) to geta | in front of the k so the equation would &

become Uk = 16/14 or simply k=1 /7 or 1.143;
FIFTH, CHECK THE ANSWER BY SUBSTITUTING IT

FOR THE VARIARLE IN THE ORIGINAL EQUATION T i

SEE IF IT WORKS,
NOTE: 1. Some equations have exactly one solution (answer).
They are conditional equations (EX: 2k = 18),
2. Some equations work for all real numbers.
They are identities (EX: 2k = 2k).
3. Some equations have no solutions.

They are inconsistent equations (EX: 2k +3=2k +7).

SOLVING A FIRST DEGREE
INEQUALITY WITH ONE
VARIABLE

ADDITION PROPERTY OF INEQUALITIES
For all real numbers a, b, and ¢, the inequalities a <banda
- ¢ < b+ ¢ are equivalent; that is, any terms may be added to
both sides of an mequality and the inequality remains a true
staternent, This also applisstoa=banda+c=b—+e.

MULTIPLICATION PROPERTY OF INEQUALITIES
1. Forall real numbersa, b, and ¢, with¢ 2 Gand ¢ =0, the
inequalities a > b and ac > be are equivalent and the
inequalities a < band ac < be are cquivalent; that is, when
¢ is a positive number the inequality symbols stay the same
as they were before the multiplication:

EX: I8 =3 then multiplying by 2 would make 16 = & , which
is a true statement,

2.Forall real numbersa, b, and ¢, withc = Oandc <0, the
megualities 2 > b and ac < be are equivalent and the
inegualitics a < b and ac > be are equivalent; that is, when
¢ is a negative number the inequality symbols must be
reversed from the way they were before the multiplication
for the inequalily to remain a true statement;

EX: It 8 > 3 then multiplying by -2 would make -16 > -6 .
whichis false unless the inequality symbol isreversed o make
it true, -16 < -6,

CATEGORY i(FORM OF PROBLEM FORM OF FACTORS

TRINOMIALS ax? +bx +e¢ Ifa=1:(x+h)(x+tkywherehek=candh+k=b;h
(3 TERMS) {a =z and k may be either positive or negative numbers,
Ifas 1: (mx+ h)(nx + k) wheremsn=a, hek=c¢,
and hen + mek =h; m, h, n and k may be either
positive or negative numbers, Trial and error
methods may be needed. (sec Special Hints below)
x2 + 2ex + ¢2 (x + ¢) (5 +¢) = (x + ¢)? where ¢ may be either a

(perfect square) positive or a negative number

‘ aZx? - b2y? ax + by)(ax - by)
B(g\l TQEI\%?;)S (difference of Zysquare.s) ¢ e )
aZx? + byl PRIME -- can not be factored!
(sum of 2 squares)

aix3 + b3yd) (ax + by} (a2x2? - abxy + b2y3)

(sum of 2 cz):bes) M y :
adx? - p3y3 (ax - by} {(a2x? + abxy + b2y2)

(difference of 2 cubes) (see Special Hints below)

PERFECT CUBES § a’x? + 3abx? + 3ab2x + b3 (ax + b)3 = {ax + b}{ax + b) (ax + b)
(4 TERMS) 23x3 - 3a2bx? + 3ab2x - b {ax - b)3 = (ax = b)(ax - h)(ax - b)

ax + ay + bx + by a({x+y)+b(x+y)=(x+y)(a+h)
GROUPING (2-2 grouping)
2 +2ex+c?-y? (x+e)l-yl=(x+c+ypxtec-y)
(3-1 groupin,
¥2 - 32-2cx-c2 ylo(x+e)l=(y+x+e)y-x-c¢)

(1-3 grouping}

SPECIAL HINTS
TRINOMIALS: WHERE THE COEFFICIENT OF THE HIGHEST DEGREE TERM IS NOT 1
The first term in each sct of parentheses must multiply to equal the first term (highest degrec) of the problem. The second term
in each set of parentheses must multiply to equal the last term in the problem. The middle term must be checked on 2 trial and error
basis using: cuter times outer plus inner times inner; ax2+ bx + ¢ = (mx + h){nx + k} where mx times nx equals axZ, htimes k
equals c, and mx times k plus h times nx equals bx.

EX: Tofactor 3x2 +17x- 6 all of the following are passibie correct factorizations, (3% +3)x - 2); (3x+2)(x- 3% Gx+6)x- 1) (Bx+ Dix- 6L

However, the only set which results in a 17x for the middle term when applying outer times outer plus inner times inner is the last one, (3x + 1)(x - 6).

1 results in -17x. But since +17x is needed, both signs must be changed to get the correct middle term. Therefore, the correct factorization 1s (3x - IXx + 6).

BINOMIALS: THE SUM OR DIFFERENCE OF TWO CUBES

This type of problem, a?x3 + b3y3, requires the memorization of the following procedure: The factors are two sets of parentheses with

2 terms in the first set and 3 terms in the second. To find the 2 terms in the first set of parentheses take the cube root of both of the term

in the problem and join them by the same middle sign found in the problem, The 3 terms in the second set of parentheses are generated

from the 7 tarms in the first set of parentheses. The first term in the second sct of parentheses is the square of the first temm in the firs
setof parentheses; the last term in the second setis the square ofthe Jast term in the tirst set; the middle term oFthe second set of parenthesc:
is found by multiplying the first term and the second term from the first set of paventheses together and changing the sign.

Thus, adx3 + b3y3 = (ax + by)(alx2 T abxy + bZyd)

EX: To factor 27x% - § find the first set of parenibeses to be {3x - 2} because the cube root of 27x%s 3x and the cube root of 8 is 2. Find the 3
{erms in the second sct of parentheses by squaring 3x to get 9x3; square the last lerm -2 to get +4; and to find the middle term multiply 3x time:
-2 and change the sign to get +6x. Therefore, the final factonzation of 2753 - 8 15 (3x - 2) (9x2 + 6x + 4).

PERFECT CUBES (4 TERMS}

Perfect cubes such as adx3 + 3a2bx2 + 3ab2x + b3, factor into three sets of parentheses each containing exactl%' the sawme two terins; therefore

the fina! factorization is written as one set of parentheses to the third power, thus a perfect cube, (ax+ B)? = a3x3 + 3a?bx? + 3ab?x + b*

EX: Tofaclor 27x3 - 54x2 +36x - § it must be first observed that the problem is in correct order and that it is a perfect cube; then the answer i
simply the cube roots of the first term and the last term placed in a set of paremtheses to the (hird power: so the answer to this example s (3x - 2

STEPS FOR SOLVING A FIRST DEGREE INEQUALITY
WITH ONE VARIABE

FIRST, Simplity the left side of the incquality in the same manner as an
equation, applying the order of operations, the distributive property. and
combining like terms, Simplify the right side in the same manner.

SECOND, Apply theAddition Property of Inequality to getall terms which
have the variable on one side of the inequality symbol and all terms which
do not have the variable on the other side of the symbol.

THIRD, Apply the Multiplication Property of Inequality to get the coefficient
of the variable to be a I; (remember to reverse the incquaﬁrv symbol when
multiptying or dividing by a negative number. this is NOT done when muttiplying
or divitii(ng by a positive rumiber).

FOURTH, Check the selution by substituting some numerical values of the
variable in the original inequality.

E major topics taught in Algebra courses,
g Keep it handy as a quick reference |
: © source in the classroom, while doing

E homeworkand use it as & memory refresher
when reviewing prior to exams. Itis a durable

§ and inexpensive stucy tool that can be repeat-
edly referred to during and well beyend your

g college years. Due to its condensed format,

I however, use it as an Algebra guide and not
as a replacement for assigned course work,

»
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BASICS
oDOMAIN: SET OF ALL REAL NUMBERS WHICH CAN
BE USED TO REPLACE VARIABLE
EX: The domain for the rational expressicn
(xZ+5x-2)
(x+ 144 —x)
* 4. Thatis, x can be any real number except «1 or 4 because -1
makes {x +1) equal to zero and4 makes {4 - x) equal to zero;
therefore, thedenominator would equal zero, which itmustnot.
b. Notice that numbers which make numerator equal to
zero,-5 and?2, are members of the domain since fractions
may have zero in numerator but not in- denominator,

sRULE 1
1. Ifx/y is a rational expression then x/y =xafya when a#0]
a, That is, you may multiply a rational expression (or
fraction) by any nonzero value as long as you multiply
both numerator and denominator by the same value.
i. Equivalent to multiplying by 1 since a/a=1; (x/y){1)= §
{(x/y)a/a) = xalya
il. Note: 1is equal to any fraction which has same numera-
tor & denominator,

sRULE 2

xa . . .
1.If ya 5@ rational expression, —‘;TZ—Z?Whrm ar0

is {x]xe Reals and x = —lor x4}

4, That is, you may write a rational expression in lowest f
terms becausc XA, _[ X (a) (x](l) X since a =16
a \y,a .
oL OWEST TERMS

1. Rational expressions are in Jowest terms when they
have ne common factors other than 1. ]
2. 8tep 1: Completely factor both numerator & denominator, §
3. Step 2: Divide both the numerator and the denomina- §
tor by the greatest common facter or by the common §

factors until no common factors remain;
gx: (28415 (x+S)x+ 3) (X+3) ocause
(2+3x-10) x+5GE-2) 7 (x— :
the common factor of (x + 5) was divi ed info the numerator §
x+5)

and the denominator smcc

4, NOTE; Only factors can ge divided into both }
numerators and denontinators — never terms..

SUBTRACTION
; (Derominators must be the same)
sRULE 1

LIF & and £ are rational expressions and h# 0
ay_[cj— (2 —)_(a—-0)
then (3) ,(b) ={3) +(b ) b
a. [T denominators are the same be sure to change all signs
of the terms in numerator of rational expression which
is behind (io right of) subtraction sign; then add nimera-
tors and write result over common denominator.

g X=3_ 347 _X-3+(X)H (T 10

' EXAMPLE: (01 x+1" x+1 T4
; .RULEZ
1. If and—are rational expressions and b =0 and
a_ £ (ad) (ch) {(ad-ch)
d # ¢, thcu “Tod) Tod) T d)

a If denommators are not the same they must be mads th
.. same before numerators can be subtracted. Be sure o 2
change signs ofall ferms innumerator of retional expression E
which fotlows subtraction sign after rational expression:
have been made to have & common depominator. Combin
nurmerator terms and write result over common denominator,
b. Note: When denominators of rational expressions are §
additive inverses (opposite signs) then signs of all terms &
in denominator of cxpression behind subtraction sig
should be changed. This will make denominators th
some and terms of nurmerators can be combined as the
are. Subtraction of rational expressions is changed &
addition ofopposite of either numerator (most of time) ¢
denominator (most useful when denominators are addi
tive inverses) but never both.
L oSUBTRACTION STEPS:
% 1. If the denominators are the same
a. Change signs of all terms in numerator of a rationa
expression which follows any subtraction sign.
b. Add the numerators.
¢. Write answerto this addition over common denominator,
d. Write final answer in lowest terms, making sure to follow
directions for ﬁndmg)lowest terms as indicated above,

EX: +2 (x E+2+(=x)+1]_ 3

x—6
2.1f tge denommators are not the):;dme
a. Find the least common denominator.

b. Change all of the rational expressions so they have th
same common denominater,

c. Multiply factors in the oumerators if there aye any.

d.Change the signs of all of the terms in the numerator o
any rational expressions which are behind subtraction signs

e. Add numerators.

{. Write the sum over the common denominator,

g. Write the final answer in lowest terms.

(x-6)

(x-3)

"MULTIPLICATION
(Dengminators do not ave to be the same)

sRULE

1.1fa, b, , &d ¢ real numbers andb & d are nonzeronuim-
bers ac 3 [top times top & bettom times bottom]
oMULTIPLI ATION STEPS

1. Completely factor all numerators and denominators.

2. Write problem as one big fraction with all numera-
tors written as factors (multiplication indicated) on
top and all denominators written as factors (multi-
plication indicated) on bottom,

3, Divide both numerator and denominator by all of the
common factors; that is, write in lowest terms.

4, Multiply the remaining factors in the numerators
together and write the result as the final numerator,

5. Multiply the remaining factors in the denominators
together and write the result as the final denominator.

: ( 1+l )(xl—lx 3) 543} G-+ 1

S EX oyt oo G G dE-3)

H DIVISION
«DEFINITION
1. Reciprocal of a rational expression ES lb——becamc[ Iy)=1
[reciprocal may be found by inverting expressmne
EXAMPLE: The reci Lof X-3jx+T
procal o
. sRULE (x +7 (-3
1.1fa, b, ¢, and d are real numbers and a, b, ¢, and d are
non zero mumbers, then A 4 € (ﬂ)(d) (ad)
_ DIVISION STEPS d- {be)
1. Reciprocate (flip) rational expression found behind
division sign {immediately to right of division sign).
2. Multiply resulting tational expressions, making sure
to follow steps for multiplication as listed above.
ExAi=25—15 . (x+2) x2-2x-15  (x—95)
W-10x+25  (x-5 =2-1x+25" (x+2)
Numerators and denominators would then be
factored, wntten in lowest terms, and yield a final

angwer of

ADDITION
: (Denominators must be the sume)
sRULE 1
1. Tfa/b and e/b are rational expressions and b #0, then
aALc_ (a+e)
b b b
a. Tfdenominators are already the same simply add mamera-
7 tors and write this sum over commeon denominator.
"R L e | 410 snd
1.1f & gnd £ are ration csemnsan # 0 an
‘E%”’fﬁ o+ oy

d;tl}theu —+—

a. If dcnommalors are lgot %Jc SHITH «): they 1£nus)z e made the
same before numerators can be added.

= e ADDITION STEPS
1. If the denominators are the same
a. Add the numerators.
b. Write answer over common denominator.
¢. Write final answer in lowest tcrms, making sure to follow
directions for finding lowest terms as indicated above.
E PLE: X+ 2 gx 1) éx-%—:)}
2, Tf the denommdtors are not the same
a. Find the least common denominator.
b. Change all of the rational expressions so they have the same
common denominator.
c. Add numerators.
d. Write the sum over the common denominator.
e. Write the final answer in lowest terms. EXAMPLE:

.x+3+x+1 (x+3x—-B Z+HD0+5)_ 224 8042

Cx+5 x—1 (x4+8x-—1) (x—I{x+5) xé+ds=5

L NOTE Tf denominators arc of degree greater than ong, try to

factorall denominators firstso least commen denoninator w111be
t h

EX: x+3_x+ (x+3)(x ) E+DE+5 4.8
"3+5 x-1 (x+8x-— 0 x—Uix+5 2+4&-5
h.NOTE: If denominators are of degree greater than one, iry to
factorall denominators firstso least common denominator will

be product of all different factors from each denorminator.

RATIONAL EXPRESSIONS

Onotient of two polynominls where denoninator cannot equal zero is a rational expression.
+4
EX: (x+d) where X 23 since 3 would make denominator, x - 3, equal to zero.

\COMPLEX FRACTIONS:

AN UNDERSTANDING OF 'OPERATIONS' SECTION IS
REQUIRED TO WORK 'COMPLEX FRACTIONS’
EFINITION: A rational expression having a

fraction in the numerator or denominator or

. . 1

both is a complex fraction EX: X Tx
X

oTWO AVAILABLE METHODS:

1. Simplify numerator (combine rational expressions
found only on top of the complex fraction) and
denominator {combine rational expressicns found
only on bottom of the complex fraction) then divide
numerator by denominator; that is, multiply nu-
merator by reciprocal {flip} of denominater. OR

. Multiply the complex fraction (beth in numerator
& denomipator) by least common denominator of
all individual fractions which appear anywhere in
the complex fraction. This will eliminate the frac-
tions on top & bottom of the complex fraction and
result in one simple rational expression. Follow

steps previously listed for simplifying rational

exXpressions.

i

SYNTHETIC DIVISION

oDEFINITION
1. A process used to divide a polynomial by & bino-
mial in the form of x + h where h is an integer.
oSTEPS
1. Write polynomial in descending order [{i gm high-
est to lowest power of variable]. EX: 3x” -6x+2
2. Write all coefficients of dividend under long division
symbol,making suretowrite zeros whichare coefficients
of powers of variable which are notin polynomial.
EX: Writing coefficients of polynomial in example
abova write3 0 -6 2 because a zero is needed for
the x* since this power of x does not appear in
polynomial and therefore has a coefficient of zero.
3. Write the binomial in descending order; EX: x-2.
4. Write additive inverse of constant term of bino-
mial in front of long division sign as divisor
EX: The additive inverse of the -2 in the binemial X -
2 is simply +2; that is, change the sign of this term.
5. Bring up first number in dividend so it will become
first number in quotient (the answer).
6. Multiply number just placed in quetient by divisor, 2
a. Add result of multiplication o next number in
dividend
b. Result of this addition is next number coefficient in
quotient; sowrite it over next coefficient in dividend.
7. Repeat step 6 until all coefficients in dividend
have been used
a. Last number in the quotient is the nuwnerator of a
remainder which is written as a fraction with the
binemial asthe denominator £X: 2) 3 0 ~ 6 2results
in a quotient of 3 6 6 with remainder 14; therefore
(33— 6x+2) ¢ (x= 2)-3x2+6x+6+
§. First exponent in answer { quetient) is one less than
highest power of dividend because division was by
a variable to first degree.

¢

RATIONAL EXPRESSIONS
IN EQUATIONS
sDEFINITION:

Equations which contain rational expressions, rhans .

algebraic fractions.
oSTEPS:

1. Petermine least common denominator for all -
rational expressions in eguation.
Use the multiplication property of equality to mul-;
tiply all terms on both sides of the equality sign by
the common demoninator and thereby eliminate ¢
all algebraic fractions.
. Solve resulting equation using approptiate steps, |
depending on degree of equation which resulte
Trom following step 2
. Check answers because numerical values thch
cause denominators of rational expressions in origi
nal eguation to be equal to zero are exiraneou
soluuons, not I:me solutlons of original equanon

i
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“1eSPECIAL NOTE: Equation a% = 4 has two

ROOTS AND RADICALS

IMPLIFYING RADICA
EXPRESSIONS

BASICS ‘
oDEFINITION: Therealnumber b isthe nth
¢ rootof a if bR=a.
oRiADICAL NOTAT]ION: If n=0 then
| at=13a and W3 = a . The symbol + is the
radical or root symbol. The a is the radicand.
The n is the index or order.

s WHEN THE RADICAL EXPRESSION
CONTAINS ONE TERM AND NO
FRACTIONS (EX. 12m2) THEN
1. Take the greatest root of the coefficient;

EXAMPLE: For~/32 use ~16° w/i, not 4" 8
because /8 is not in simplest form,
2. Take the greatest root of each variable in the term
- Remember ¥al = g ; that is, the power of the
variable is divided by the index.

a. This is accomplished by first noting if the power of the
variable in theradicand is less than the index. ¥fitis, the
radical expression is in its simplest form.

If the power of the variable is not less than the index.

divide the power by the index. The quotient is the new

power of the variable to be written outside of the radica
symbol. The remainderis the new power ol the variable
still written inside of the radical symbol.

EXAMPLES: 337 = 523455 3Rabs=2b¥ab2

solutions, 2 and -2. However, the radical +a
represents only nonnegative square root of a.

DEFINITION OF SQUARE ROOT: For
any real number a, ~ar = |a| , that is, the
nonnegative numerical value of a only; EX:
~& =42 only, by definition of the square root.

=

RULES
* FOR ANY REAL NUMBERS, m AND n,
WITH m/n IN LOWEST TERMS AND n =10,
1 .. 1
a%: (am]l’l = Wam OoRr a%: (ai)m = (% R
¢FOR ANY REAL NUMBERS, m AND n,

WITH m/n IN !ﬁOWIIEST TERMS
AND n#0,a %= L

s FORANYNONZERO REALNUMBERn,

WHEN THE RADICAL EXPRESSION
CONTAINS MORE THAN ONE TERM
AND NO FRACTIONS (<< 6x + 9} THEN
1. Factor, if possible, and take the root of the

1 1y factors, Never take the root of individua
(ayn=al=a OR (aﬂ] =al=a terms of a radicand. EX: v&@+4 =x+2, bu
s FOR REAL NUMBERS a AND b AND 2t dx+4 = f[x+2IF =x+2 because the root o

the factors (% + 2)2 was taken to get x + 2 as the
answer.
2. If the radicand is not factorable then the radical
expression cannot be simplified because you can
not take the root of the terms of a radicand.

NATURAL NUMBER n, (¥a){¥h) = ¥ab

OR Yab = (¥a)(¥b)
i.e., as long as the radical expressions have the same
index n, they may be muitiplied together and written
as one radical expression of a product OR they may be
separated and written as the product of two or more
radical expressions; the radicands do nothave to be the
same for multiplication.

«FOR REAL NUMBERS a AND b, AND

e WHEN THE RADICAL EXPRESSION

neoon CONTAINS FRACTIONS
NAT%II{RAHL NUMBER n, \/% = % 1. If the fraction(s) is part of ong radicand (under the
OoR ?& = \/% radical symbol; Example: \%) then:

a. Simplify the radicand as much as possible to make
the radicand one rational expression se it can be
separated into the root of the numerator over the
root of the denominator. Simplify the radical ex
pression in the numerator.  Simplify the radica
expression in the denominator.

b. Never leave a radical expression in the denomina
tor. Itisnot considered completely simplified until the
fractionis in lowest terms. Rationatize the expression
to remove the radical expression from the denomina
tor. as follows: ’

. Step 1: Multiply the numerator and the denominator b
the radical expression nceded to eliminate the radical
expression from the denominator. A radical expressionin

the numcri}gi is acceptable. EX: 5;”2

i.e., aslong as the radical expressions have the same
index they may be written as one quotient under ong
radical symbol OR they may be scparated and writ-
ten ag one radical expression over another radical
expression; the radicands do not have to be the same
! for division.

osTERMS CONTAINING RADICAL
EXPRESSIONS CANNOT BE COMBINED
Unless they are like or similar terms and the radical
expressions which they contain are the same; theindices
and radicands must be the same for addition and
sabtraction.
EXAMPLES: 37 + 52 =8x+2 but 3y+/5 + Ty/3
cannot be combined because the radical expressions
theyscontain are not the same. The teyms T2 and
8m

must be multi

plied by 7% so the denominator 21" becomes with no

radical sy(gggls i il. The numeralor becomes 5% /6
ii.Step 2: Wrile the answer in lowest terms.
2.1f the fraction cgntains monomial radica
expressions: EX: 2 then

‘4. I the radical expression is in the numerator only, sim
plify it and write the fraction in lowest terms.

b Ii the radical expression is in the denominator only.
rationalize the fraction so no radical symbols remain
there. Simplify the resulting fraction to lowest terms.

c. If radical expressions are in both numerator and de
nominator , either:

i. Simplify each separately, rationalize the denominator an
write the answer in lowest terms, OR

ii.Make the indices on all radical symbols the same, put the
munerator and the denominator under one conumon radical §
symbal, write in lowest terms, separate again into a radica
expression in the numerator and a radical expression in the
denominator, rationzlize the denominator, and write th
answer in lowest terms,

3. If the radical expressions are part of)polyn(}mia}

. . . ]
rational expression; Ex: A% (2) then:

in a rational expression; Bx: p3cfgy o

a. 1 the radical expressions are wot in the denominator the
simplify the fraction and write the answer In lowest terms

b. Iftheradical expressionsare inthe denominator, rational

2 cannot be combined because the indices
(plaral of index) are not the same.

OPERATTONS:

* ADDITTION AND SUBTRACTION:

Omly radical expressions which have the same index
and the same radicand may be added,

* MULTIPLICATION AND DIVISION:

. Monomials may be muitiplied when the indices are

the same even though the radicands are not,

EX: (3%/5)(2V7) = 6335
2, Binornials may be tultiplied using any method for mul-
tiplying regular binomial expressions if indices are the
same. (e.g.FOIL). EX: (9m + 2v5)(3m — 57) =
27mz — 45m+/7 + 6m~'5 — 10+35 o
. Other polynorials are multiplied using the distributsve
property for multiplication if the indices are the same.
4. Division may be simplification of radical expressions
or multiplication by the teciprocal of the divisor.
Rationalize the answerso itis in lowest terms without
a radical expression in the dencminator.

—

58]

_ _ _ it by multiplying the numerator and the denominator by th
ISBN 1-57222-044 5 O 3 9 5 conjugate of the denominator. CONJUGATES 4RE
' F EXPRESSIONS WITH THE MIDDLE SIGN CHANGED.
Ex: The conjugate of 3x + 52 is 3x — 542 becaus
when they are multiplied the radical symbol is eliminated
QO I781572 220447

RADICAL _EXPRESSIONS

a.
b,
c.

d

a.

b.

Cc.

d.
e.

a,
b.

c.

e,

=’

=9

a.

EX: {4+5)+(7-30)= 11425 (-3 75-(5 -85 =8+ |5i
b.The sum or difference of complex numbers is another

2, Multiplication and Division:

a,

=

sRULE: BOTH SIDES OF AN EQUATION MAY

BE RAISED TO SAME POWER .
both entire sides must be raised to the same power, place
each side in a separate set of parentheses first.

*STEPS .
1.If the equation has only one radical expression
(EXAMPLE:3 +35=x) then

2. With equations with two radical expressions:
Ex: K+/E=4

3. [f the equatien has more than two radicals

d.Repeat steps b and ¢ above unfil all radical expressions

UADRATIC EQUATIONS

(%F]NITION . . .
Second-degree equations in one variable which can 3
be written in the form ax?+bx+c=0 wherea, b, and [
¢ are real numbers and a0

PROPERTY .

Ifa and b are real numbers and (a)(b) =0 then either

a=0 or b =0 orboth equal zero. Atleastone of the

aumbers has to be equal to zero.

TEPS o

1. Set the equation equal to zero. Combine like terms
Write in descending order.

2. Factor; (if factoring is not possible then go to step 3)
a.

b.
3. Use the quadratic formmula if factoring is ngt possible.
-—htiﬁ_l—flal:

da.

b.

=1

. Simplify completely.

eDEFINITION: The set of all numbers, a + bi,
where a and b are real numbers and i? =-1; that is,
{ is the number whose square equals -1 or i=v=T
eNOTE: # =-1will he used in multiplication and
division of complex numbers. The complex num-
ber 3 + 2i # 3 - 2/ because the numbers must be
identical to be equal.

sQPERATIONS:

1. Addition and Subtraction:

IN EQUATIONS

Caution: Since

Tsolate the radical expression on one side o' the equal sign/
Raise bothsides of the equation to the same power as the index
Solve the resulting equation.

Check the gsolution{s) in the original equation because
extraneous solutions are possible,

EXAMPLE: +3x +5=x becomes v3x = x—&then squaring
both sides gives 3x = x? - 10x + 25 because when the
cntire right side which is a binowmial, x - 5, is squared,
(x - 5)%, the resultisx? - 10x+ 25. This isnow a second
degree equation.  The steps for solving 2 quadratic
equation should now be followed,

Change the radical expressions Lo have the same index.
Separate the radical expressions, placing one on sach
side of the equal sign,
Raise both sides of the equation to the same power as the index.

Repeat steps b and ¢ above until all radical expressions
arc climinated.

Solve the resuliing equation and check the solution{s).

Change the radical expression to the same index.
Separate as many radical expressiens as possible on
different sides of the cqual sign.

TRaise both sides of the equation to the power of the index.

have been eliminated. .
Solve the resulting equation and check the solutions).

Seteach factor equal to zero. See above: " ifa product
is equal to zero at least one of the factors must be zere."
Solvecachresulting equation and check the solution(s).

The quadratic formula 1s: X=

a, I, and e come from the second-degree equation which
is tobe solved. Afterthe sceond-degree equation has been
setequal to zero, a {s the coefficient (number in front of) of
the second-degree tenm, B is the coefficient (number in
front of) of the first-degree term (if no first-degree term s |
present then b s zero), and ¢ is the constant term (no
variable showing). Note: ax®+bx+e=0

Substitute the numerical values for a, b, and ¢ into the
quadratic formula.

Wit the two angwers, one with + i front of the radical
expression in the formula, and one with - in front of the
radical expression in the formula. Complete any additional ¥
simplification to get the an in the required f

Combine complex numbers as thougls thei were a variable;

complex number. Even the number 21 is a complex
number of the form a + bi where a~ 21 and b= 0.

Multiply complex numbers using the methods for multi-
plying two binomials. Remember that 7%= -1, so the,
answer is not complete until i has heen replaced with g
-1 and simplified. EX: (-3 +50(1 -i)=-3+3i+5{- 5]
=343+ 5-5(-1)=-3+3{+3+5=2+8
Divide complex numbers by rationalizing the denomi-
nator. The answer is complete when there is no radical
expression or i the denominator and the answer is in
simplest form. EX: The conjugate of the complex
number -3 + 127 s -3-124




